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ABSTRACT

'Avdrodvnamic vAria les quc- ii density ratio. pressure ratio,

temperature. fractvcn of d!ssociate n. and i inzat.on and the reflected shock

velocily have been calculated for a r,-tected shock wave tn hydrogen for one

dimension. The data are pretionted as fa!-.!.es of curves of these variables

plotted again.st the r.'Aia? shock Mach number for a range of unity to 200 with

the in'tOal pres.sure a, a parameter

Hydrod%'narric eqI.itiflnq are derived %'hich include the effects of

dissociation. 4onizat~o' ind aton,c evc-tation Reference Is made to a pre-

vious report for the, .vdrot!vnarmc v$r .e, be}-'nd the in:tial shock wave In

hydroger. k.h!c} were vded :n t, 'e !culations.

evtt-o.". from the so 'e0*ed - strong shock approximation"

are quite large. espec li:. n the re-ons w.ere the gas is beng dissociated

or ionized, The denv4-t and pressure ratio4 across the reflected shock

wave nv be two to t ree t'mei arealer ',. a corresponding decrease in the

reflected shock vel,c: '., the t .po-r.-tlure.
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I. INTrRODUCTION

'rhe hydrodynamic variables- for a primary shock wave moving into hydrogen
gas at ruomi trniperattire (300' K) have been calculated previously and the results

1
%kere published in a Space *rechnology Labo~rato.ries report . Theso data allow
one to determi... qiiic:.ly such ejintitic.4 as :he degree of ionization, thne density

ratio, the ternpe rat tre, etc. , from a meas'irement of the shock velocity*

Very often rine wishes ;tlso to :to the -. ariahieb behind the reflecte.i shoc'

tit tile eid ot a ghoc.( ttube. I1-.creforc', upma. :he reblalts of the abovt'-m-.?ntloned

.,p *t the val.Uiet ions have lbeen extendefi t 'o include tile hydrodynamic variables

bqjdthe re~flect ed ahoc,'t. The vhiriabie ctl.ulnIed %%.ere the pressure ratio

ae. rosx the~ rtyflicted qhoc'-, ih,' d..nuity ratio, fra. toe.raturc*, the fraction

dissuctiatLed or iejimized andI I h r*.il t- ~ted shoc .velocity. The latter is ver~r k' f IA
brcrciufa(! the theo relt cA rcerlv. *,:.d ;ro ~ veloc ity car. be Co-.pi redl Wit)) that

rn';t sircd e.xpe rit-ent ally to %it'ilin' -hth-L f tho? gAb iS behaving AC.Lurding

to thtor y ii :) r t iv ula r, %kh (: -Ie r e qu -1It.b r % .- hasa be en e t ahbl i h ed,

Ln ' -t t & Ijt i ons it re. fo r *xnc -di ?nv' n. io:.alI fl ow cr.lv . Ar~ n a intiph 11d in1

tile t~1~, eje'lll'jr-141n has b eer, ; S.meri thrro:;hout . The rang~e covervu c.i Jhis

reoe i from.:, §h(~Machi r,.:rAlhr, 1% 1 . of .itnity up) to 200. Above MI, 20

I~~~~ht 14.1 . l ) ';~r*UV('fl "it h, t uftxr ient Acc .c racy by aMynmp? ctit c

Turr;er. E. B. , "Equilibriutn H,-dtrodvniarnwi 7.ariable'; Behinld a Normal
Shoc:- W;ave in Hydrogen," sTrL report G.M-TR-0165-O040, dated
1b August 1958.
T1he hydrodyn~amic curves gi% en in GM-,rR -0 165 -00460 and in the present
report apply also to the isotopes of hydrogen,. namnely, deuterium and trituim.
The %,horx velocity must therefore be mea.qured by a dimensionless variable,

%%~, hirch is the shock velocity cli'6 ided by :he sound speed of the undisturbed
ga::.
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II. THEORY

The calculations naturally divide into several regions depending upon the

conditions of the gases behind the primary and reflected shock waves. The

formulae and methods of calculation are different for the various regions. The

regions are the following:

(a) The gas behind the reflected shock can be considered ideal, M = 1- 5.

S(b) The gas behind the reflected shock is partially dissociated, M.i 4 - 12.

(c) The gas behind the reflected shock is completely dissociated and the

gas behind the primary shock is partially dissociated, M s = 12 - 18.

(d) The gas behind the reflected shock is partially ionized and the gas

behind the primary shock is not completely dissociated, M s = 16 - 18.

(e) The gas behind the reflected shock is partially ionized, M s = 20 - 44.

(f) The gas behind the reflected shock is fully ionized and the gas behind

the primary shock is still partially ionized, M. = 40 - 64.

(g) The gases behind both the reflected and primary shock waves are

completely ionized, M. = 52- 200.

(h) Above M = 200 asymptotic values can be used with sufficient

accuracy.

There will, of course, be sume overlapping of these regions. The notation

used is as follows:

p = pressure

p = density

T = temperature

a = fraction dissociated or ionized, as the case may be

u = flow velocity

a = sound speed

U = primary shock velocity

U R = reflected shock velocity

h - specific enthalpy
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Subscripts are used to designate a particular region of the flow:

(1) - the undisturbed gas at roo'm temperature

(2) - the gas behind the primary shock wave

(5) - the gas behind the reflected shock wave

Consider now a primary shock wave with velocity U hitting a solid wall
and reflecting with a velocity U

p , P2 '  f 2'  01, .2 5* "rT 5 CX5

U. ) t~..,. = • *

UR

Fig I

The condition for relleution is 11,at the gas behind the primary shock wave,

moving with a velocity u 2 , be brought to rest, i.e., u5 = 0.

One method of approach is to coimider the more general problem of a

shock wave moving in a tube with floA velocrities on either side of the shock

wave. Let the region ahead of the shock be denoted by the subscript (a) and

the region behind the shock by (b).

"b' "b' Tb -a' rP 'A a T a" %

Fi.a

F'ig. 2
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Then the three conservation equations across the shock wave can be written:

Pb(U - ub) Pa (U-Ua) -- conservation of mass, (1)

Pb(U ub) 2 Pa(U'Ua) = Pa - Pb -- conservation of momentum, (2)

1(UUa) + ha 1(U-ub)2 + hb -- conservation of energy. (3)

From these three equations can be derived the following relation for the flow

-elocities,

(bu 2 
- P.. kP(4

a /

Now let region (b) be region (5) and (a) be (2). Then

(p 5
2 p2 = p2 P5 (5)

- P2 P 5  "i p2

To proceed further it is necessary to spe( ify the condition of the gases

on either side of the reflected shock %ave. Consider first an ideal gas. Then

the ratio p5/P2 is given by the Rkikine-Hugoniot equation

P5 P5

P? PS

pZ

See Reference I.

I
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where 4 is given by -I L y + /'- -1 . The ratio p./pz can be written as

P2

P2 P p l p2 p 1  1 a 2

P -l l P P+1 + I
Ip 1

using the Rankine-Hugoniot equation for p./p1 and the expression for the
2

sound speed, a = y (p/p). The flow velocity behind the primary shock wave

in an ideal gas is

2

:uPZ= (7) 7

This equatlor follows from equation (4) and equation (6) applied to the primary

shock wave.

Pitting these into equation (5) gives the quadratic equation,

P. - p (8)

which has only one physically possible root,

+ 2) .- - 1

-5 P(9)
PZ P

PI
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The density ratio across the reflected shock is given by equation (6), and the

temperature ratio is merely the pressure ratio, p/p 2 , divided by the density

ratio, p/p From the conservation of mass across the reflected shock it

follows that

U = 2  (10)

P 2

There are two ranges of shock velocity where the gas may be considered

ideal. The first is 'the range of relatively weak shocks before the hydrogen

starts dissociating. Then

Cd
= = - so L = 6 .

v

The secord is the range where the gases behind both the reflected shock wave

and the primary shock wave are completely ionized and the enthalpy of 4.e gas

behind the primary shock is much larger than the energy of ionization. This

range of shock velocities is from M = 200 to w. For this case
y =5/3 so l = 4. Then

P5

5 = 6.0
P2

and
P5

= 2.5
P2

From equation (10)

UR

but since
u2  3
-U" -U '

UR 1
-U- = 7•
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The temperature

T 5 P5 P2" - = 2.4 .

T> 2 P5

These are the asymptotic values which are approached for very high shock

velocities, and, as wilt be seen from the curves, they are, in most cases,

sufficiently accurate above M = ZOO.
S

Next the calcalations will be discussed for the regions where the gas behind

the reflected shock wave is fully ionized or fully dissociated. The gas behind

the primary shock can be partially or fully ionized or dissociated, respectively.

This .ncludes regions Ic), (f) and (g) as outlined previously.

At this point it is necessary to consider the equation of state. It can be

written in general as

p = XpRT (11)

For an ,l gas that is not yet dissociated X I. For a partially dissociated

gas X = (I a) where a is the fraction dissociated, and for a partially ionized

gas X ='Z(1 - a) where a is now the fraction ionized.

We will agail' make use of equation (5). The density ratio across the

reflected shock is now given by a revised Rankine-Hugoniot equation,

PS
4--- + l

P5 P2

P 2  P5 1 - a Z4-Z 2-

a 2 is the fraction ionized or dissociated and 0 is the energy per atom of

ionization or the energy per molecule of dissociation reapectively divided by

the Boltzmann constant.

Strictly one should subtract from ke the average excitation energy per atom
or per molecule in state (2). This was done for the case of partial ionization,
but not for the case of partial dissociation where molecular excitation data
was not available.
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In order to find p 2 /p 2 we note that

T2Z I PZ PI 1 PZ 7I 'Z 5P"l F" 5

.hO

P 2  A T 2
P? T I a l "

Putting these into equation (5) results in the quadratic equation,

2P5 P5(1 )- 2(2A+ I B)-- - (A+ 2B-1) 0, (13)PZ P?

x.he re

A 7 ' "i T

and

B I
3 I . T+

The values of variables such as T 2 /TI, u 2 /a V and a 2 were taken from

Reference I After solving !his quadratic equation for p 5 /p 2 , pS/p 2 can be

found from equation (12). The refle¢rted s-hock velocity is given by equation (10).

The calculation of the variables behr.d the reflected shock for shock

velocity ranges (b), (d) and (e) was sonewhat more difficult as it involved an

interpolation procedure. These are the range6 for whi h the gas behind the

reflected shock is either par'lally ionized or partially dissociated. It is

necessary to assume the sta:e of the ga- behind the reflected shock and then

calculate the residual velocitv Two or three calculations are usually sufficient

to give accurate interpolated v:alues for the variables for zero velocity.
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The equation for the ,.elocity for the case of partial ionization or

dissociation was derived in Reference I for the primary shock wave but

wich a slight generalization it can also be used for the reflected shock wave.

For the reflected shock wave the equation can be written

u 5 -u 2  r 5 T.

/ - 5

5 T 4(h 5 -h _) (h 5 -h) X T
5 5 5+ + - T- + , 4 -- . (14)

- 2 2 7X RT X2 RT 2  2 2

The procedure is to first choose thc enthalpy, h_ Then the pressure

ratio across the reflected shoc : vwave is determined by the relation,

1 2
hs-h + u 2

,2 2
= . (15)P2 X Z R-r 2

which is derived from the conservation conditions across a shock wave. From

h 5 and P5 one can now determine T.5 and X. . This can be facilitated by

using a family of curves of enthalpy versus temperature for several pressures

and a family of curves of fraction ionized or dissociated versus temperature

for the same pressures. The calculation of the enthalpy and fraction of

ionization is explained in Reference 1, and the curves are shown in Figuires 3and4

of this report.

Similar curves for the enthalpy, together with cur-.es for the fraction of
dissociation, are given in the Bureau of Standards Circular 564, 1 November 1955,

entitled "Tables of Thermal Properties of Gases." These curves cover the

region of dissociation while the curves in Figures 3 and 4 cover the region of

This equation was originally derived by E. L. Resler in his Ph. D. thesis
entitled "High Temperature Gases Produced by Strong Shock Waves."
Cornell University, 1951.
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temperatures where the hydrogen is partially ionized. The enthalpy for partially

ionized hydrogen given in Figure 3 includes the energy of excitation of the

neutral atoms. The Bureau of Standards' curves for the enthalpy of partially

dissociated hydrogen, however, do not in:lude the effect of molecular

excitation of the undissociated molecules.

The values of the variables in region (2) such as u 2 /a 1 , X., T 2 , h2 and P 2

were taken from the first hydrodynamic report Two or three estimates of

h 5 must be made to give values of u 5 on either side of zero. Then the

hydrodynamic variables h5 , p 5 /p 2 , T5 and X5 can be interpolated for u= 0.

The density ratio is given by

P5  P3XT2

P?2 2

and the reflected shock velocity is

h5 " h2 1
R u2  2 u2

The hydrod 'namic variables behind the reflected shock wave, calculated

according to the methods given above, have been plotted on graphs shown in

Figures 5 - 9. In Figure 5 the density ratio behind the primary shock wave

has been plotted along with the density ratio behind the reflected shock wave so

that the total density ratio can be quickly determined without reference to the
I

first hydrodynamic report . In Figure 8 the temperature behind both the

reflected and primary shock waves are shown.

These hydrodynamic curves show the large effect that dissociation and

ionization have on the variables behind the reflected shock wave. An assump-

tion of the asymptotic value of 2.5 for the density ratio, for example, would

be too low by a factor of more than Z over the range of M. = 6 to 40. Similar

large deviations occur in the pressure ratio across the reflected shock wave.

The asymptotic value is 6, but the pressure ratio has maxima of more than 20.

As one should expect, the reflected shock velocity becomes much less in the

range where the pressure and density ratios are large. The minimum reflected

shock velocity is less than one-third of the asymptotic value of 1/2 U.
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